Introduction
We propose to publish under the above title a series of notes. The results are of a varied nature, but the methods we employ are very similar and consist, roughly speaking, in conformally mapping the unit circle into a half plane, and considering the Fourier transforms of functions defined on the boundary of the half plane. The notes may be read independently.
I. On a theorem of Carleman 1. The chief object of this note is to give a simple proof of the following theorem which is substantially the same as one due to Carleman.t Let A0 = l, Ai, ■ ■ ■ , A" • • • be a set of positive numbers, and let CA denote the set of functions defined in the interval (-°°, °°), infinitely many times differentiable in that range, and satisfying the inequalities
•/ -00 where B is a constant which may depend on/(x). We say that the class Ca is quasi-analytic if a function of CA is defined completely over (-°o, oo) by the values of its derivatives /("J (x) (v = 0, 1, 2, ■ ■ • ) at a single point x0 The equivalence of the two conditions has been established by Carleman in his book.* In this paper we shall concern ourselves only with the first one.
2. We begin by proving the following theorem.
Theorem II. Let (j>(x) be a real non-negative function not equivalent to zero, defined for -<»<x< <x>, and of integrable square in this range. A necessary and sufficient condition that there should exist a real-or complex-valued function F(x) defined in the same range, vanishing for x=x0 for some number x0, and such that the Fourier transform
We observe that the theorem is similar to one due to de la Vallée Poussin, t He concerns himself with the Fourier coefficients of a periodic function all of whose derivatives vanish at some fixed point. Here we demand rather more of the function, and we undertake actually to fix the modulus of the transform, subject of course to the convergence of (2).
3. Suppose first that the integral (2) converges. We write for z = x+iy, y>o,
which is harmonic in the half plane y >0. Let p(z) be its conjugate, and write
It is well known, by an argument of the Fatou type, that, for almost all x,
or, what is the same thing,
We observe first that, by the convexity property, and is therefore uniformly bounded in y. Now let 0<y0<y<yi. Cauchy's theorem gives
" (x-N)+ i(y -y') ^ " J"0 (*+¿V)+ »(?->')'
Making first iV and then yi tend to infinity in the last formula we obtain /h(x' + iyo) ." (x -x') + i is bounded and increasing as y0 decreases to zero, and thus the integral (4) tends to a limit as y0-»0, and Hv(^)é-vo~v)l tends to Hv(^)e~vi in the mean of order 2. The Fourier transform of the function which coincides witĥ »(Öe(,r'')f f°r -°° <£<0, and which vanishes for £>0, is h(x+iy0), and hence h(x+iy0) tends in mean of order 2 to a function G(x) as y0-»O. We have shown that the Fourier transform of h(x+iy0) (with y0 fixed and positive) vanishes for $ > 0, and it follows that the same is true of the Fourier transform £ (£) of G (x). We have already seen that | G (x) | = <f> (x). Now suppose that F(x') vanishes for x' >x0, where we may suppose without loss of generality that x0 = 0. We are to show that the integral (2) converges. We write
The function ^(z) is readily seen to be analytic in the half plane 3?z>0. Suppose that we invert the half plane 3z>0 into the circle |f | <1, f=reiB, and that G(x) becomes T(eie) and \¡/(z) becomes 7(f). Then it is easily seen that
so that T certainly is of class L2. Also a simple computation shows that if re* is the inverse of x'+iy', then [April 
